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Fundamentals of high-order

harmonicgeneration



Ç The investigation of ultrafast mechanisms in Nature benefits from the use of laser pulses with two 

characteristics: ultrashort duration and high frequency.

Ç Such light pulses can be createdvia non-linear optics.

M. Göppert -Mayer. Annalen der Physik 401, 273ï294(1931)

 W. Kaiser, et al. Physical Review Letters 7, 229ï231 (1961) 

P. A. Franken, et al. Physical Review Letters 7, 118ï119 (1961)
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characteristics: ultrashort duration and high frequency.

Ç Such light pulses can be createdvia non-linear optics.

M. Göppert -Mayer. Annalen der Physik 401, 273ï294(1931)

 W. Kaiser, et al. Physical Review Letters 7, 229ï231 (1961) 

P. A. Franken, et al. Physical Review Letters 7, 118ï119 (1961)

High-orderharmonicgeneration

Ç The development of intense lasers reached enough intensity to 

observe high-order harmonic generation (HHG).

A. McPherson, et al. Journal of the Optical Societyof America B 4, 595 (1987)

M. Ferray, et al. Journal of PhysicsB: Atomic, Molecular and Optical Physics21, L31ïL35 (1988)

P. M. Paul, et al. Science 292, 1689ï1692 (2001)

M. Hentschel, et al. Nautre 414, 6863, 509-514 (2001)
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Ç High-orderharmonicgenerationis a highly nonlinearand 

nonperturbative frequencyconversionphenomenon.
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Ç High-orderharmonicgenerationis a highly nonlinearand 

nonperturbative frequencyconversionphenomenon.
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Attosecondpulses!

Shortest laser 
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Ç Microscopically, HHG can be describedusinga simple 3 step model.

High-orderharmonicgeneration

© C. Kern, et al. Nanophotonics 4, 303ï323 (2015)

K. J. Schafer, et al. Physical Review Letters 70, 1599ï1602 (1993) 

P. B. Corkum, Physical Review Letters 71, 1994ï1997 (1993)

1. Tunnelionization 2. Acceleration 3. Recombination
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The angular momentumof light

Ç Spin Angular Momentum(SAM) Ç Orbital Angular Momentum(OAM)

Polarization Vorticity

„ ρ Љ πȟρȟςȟσȟτȣ

Microscopic Macroscopic



Theorbital angular momentumof light

Intensity Phase

Љ ρ

Ç Vortexbeamscarryorbital angular momentum

L. Allen, et al. Physical Review A, 45, 8185 (1992)

Wavefront

OAM: numberofς“shiftsof thephasealongtheazimuth

ς“



Ç Vortexbeamscarryorbital angular momentum

Ç Theyare mathematicallydescribedby Laguerre Gauss modes

Ç They exhibitverypromisingapplications:

A micrometricparticle trappedin 

a vortexbeamrotates!

D.G. Grier, et al. Nature 424, 21 (2006)

- Orbital angularmomentumis a new

degreeof freedomthat can be usedto

transferinformation

J. Wang, et al. Nature Photonics6, 488 (2012)

- Additionaly, vortex beams have

applicationsin fundamentalphysicsand

microscopy

- A vortex beamcan transferits orbital angular

momentumto matter, imprinting a rotation into

micromachines

Theorbital angular momentumof light

A. Mair, et al. Nature 412, 313ï316 (2001)
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Thegenerationof extreme-ultravioletvortexbeams

M. Zürch, et al. Nature Physics8, 743(2012)

C. Hernández García, et al. PhysicalReviewLetters 111, 083602(2013)

G. Gariepy, et al. PhysicalReviewLetters 113, 153901(2014)

R. Géneaux, et al. Nature Communications7, 12583(2016)

Ç Extreme-ultraviolet(XUV) vortexbeamsare emittedfrom HHG drivenby aninfrared(IR) vortexbeam

q: harmonicorder

HHG

IR vortexbeam

XUV vortexbeams(Coherent!)



Thegenerationof extreme-ultravioletvortexbeams

M. Zürch, et al. Nature Physics8, 743(2012)

C. Hernández García, et al. PhysicalReviewLetters 111, 083602(2013)

G. Gariepy, et al. PhysicalReviewLetters 113, 153901(2014)

R. Géneaux, et al. Nature Communications7, 12583(2016)

Ç Extreme-ultraviolet(XUV) vortexbeamsare emittedfrom HHG drivenby aninfrared(IR) vortexbeam

The orbital angular momentumof the

harmonicsfollows a simple conservationrule: 

21st harmonic

...

‫

‫ ςρ‫

q: harmonicorder

HHG

Energy

...

Љ

Љ ςρЉ

Orbital Angular 

Momentum

IR vortexbeam
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Combinationof vortexbeams

Ç Whencombiningseveralinfraredvortexbeamstheresultingharmonicsexhibita broadorbital angular 

momentumcontent

21th harmonic

Orbital Angular Momentum(OAM)
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L. Rego, et al. PhysicalReviewLetters 117, 163202 (2016). 

J. San Román

L. Plaja

C. Hernández-García
A. Picón

HHG

Multi-modeIR vortexbeam

Multi-modeXUV vortexbeams

(Coherent!)
Orbital angular momentumspectrum



Generationof light with time-dependentOAM

Time

Infrared driving beams:

21st Harmonic: Χ Χ Χ ΧЉ21 = 21 Љ21 = 26 Љ21 = 31 Љ21 = 36 Љ21 = 42

Љ1 = 1 Љ1 = 2

High-order Harmonic Generation

Ç Introducinga time delaybetween

the2 driving vortexbeams:

Time



Generationof light with time-dependentOAM

J. San Román

L. Plaja

C. Hernández-García

K. M. Dorney

N. Brooks

Q. Nguyen

C.-T. Liao

D. Couch

A. Liu

H. C. Kapteyn

M. M. Murnane

E. Pisanty

M. Lewenstein

L. Rego, et al. Science, 364, eaaw9486 (2019)

Definition of the

self-torque of light:



Theself-torque imprints an

azimuthalfrequencychirp!

Instantaneousfrequency:

Ç Thedefinitionof theself-torque of light:

Ç Themeasurement:

Generationof light with time-dependentOAM

L. Rego, et al. Science, 364, eaaw9486 (2019)

Intensity profile of theHHG beam

‰‰‫



50 cycles(50 fs FWHM)

50 cycles(50 fs FWHM)

Љ1 = 1

Љ1 = 2

Ç Theexperimental confirmation:

Theslopeis the

self-torque! 

L. Rego, et al. Science, 364, eaaw9486 (2019)

Generationof light with time-dependentOAM



Ç Thecontrol overtheamountof self-torque by changingthetime delay:

Generationof light with time-dependentOAM

L. Rego, et al. Science, 

364, eaaw9486 (2019)
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Control of the polarization of the attosecond pulses

K. S. Budil , et al. Physical Review A 48, R3437(R) (1993)

Ç The efficiency of HHG decreases greatly with the ellipticity of the driving field

Linearly -polarized driving field Circularly -polarized driving field

Ὁ

Atom e

Ὁ

Atom e

NO RECOMBINATIONRECOMBINATION

Atom e

Linearly-polarizedharmonics Circularly-polarizedharmonics!

Ὁ

Bi-circular driving field

ⱷ ⱷ

No harmonics

H. Eichmann, et al. Physical Review A, 51, R3414ïR3417 (1995)

S. Long, et al. Physical Review A, 52, 2262ï2278 (1995)

D. B. Miloġevic, et al. Physical Review A, 61, 063403 (2000)

A. Fleischer, et al. Nature Photonics, 8, 543ï549 (2014)

O. Kfir , et al. Nature Photonics, 9, 99ï105 (2015)

RECOMBINATION



Ç The bi-circular field allows for the generation of 

circularly polarized harmonics 

HHG spectrum: circularlypolarizedharmonics Polarizationof theattosecondpulses

Still linear!Circular!

Control of the polarization of the attosecond pulses

FT



K. M. Dorney, L. Rego, et al. Nature Photonics, 13, 123ς130 (2018)

Ç Scheme of HHG driven by a bi-circular vortex field

J. San Román
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L. Plaja

C. Hernández-García

K. M. Dorney

N. Brooks

C.-T. Liao

J. L. Ellis

D. Zusin 
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Q. Nguyen
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M. M. Murnane

Control of the polarization of the attosecond pulses through OAM



Ç For certain OAM combinations, the harmonics with opposite helicity are spatially separated

Selectionrules for theOAM of theharmonics

DifferentOAM            Differentdivergence

K. M. Dorney, L. Rego, et al. Nature Photonics, 13, 123ς130 (2018)

Spatialseparationof harmonics

with oppositepolarization!

Control of the polarization of the attosecond pulses through OAM



Ç For certain OAM combinations, the harmonics with opposite helicity are spatially separated

RCP

LCP

K. M. Dorney, L. Rego, et al. Nature Photonics, 13, 123ς130 (2018)

Control of the polarization of the attosecond pulses through OAM
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Ç HHG driven by a necklace beam (combination of two vortex beams): only some harmonics interfere 

constructively on-axis

J. San Román

L. Plaja

C. Hernández-García

K. M. Dorney

N. Brooks

Q. Nguyen

I. Binnie

H. C. Kapteyn

M. M. Murnane

Control of the harmonic comb through OAM

5 time-delayedemitters

L. Rego, N. J. Brooks, Q. L. D. Nguyen, et al. Science Advances.  8, eabj7380 (2022).



Ç Control overtheline-spacingin theharmoniccombsthroughthedrivingôsOAM

L. Rego, N. J. Brooks, Q. L. D. Nguyen, et al. Science Advances.  8, eabj7380 (2022).

Control of the harmonic comb through OAM



Ç The experimental demonstration

L. Rego, N. J. Brooks, Q. L. D. Nguyen, et al. Science Advances.  8, eabj7380 (2022).

Control of the harmonic comb through OAM
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D. IŀōƛōƻǾƛŏ, K. Hamilton, O. Neufeld & L. Rego. Nat Rev Phys 6, 663ς675 (2024)

Chiralityand Circular Dichroism

Ç Chiral objects cannot be superimposed onto their mirror image. 

Ç The two versions of a chiral molecule are called enantiomers. 

Ç The distinction between enantiomers is vital in pharmaceutical industry.



A. Rodriguez& L. Rego. ArXiv2606:13402v1. Underreview (2026)

Ultrafast and topological chiral sensing with vector beams

A. Rodriguez

Strongerchiral componentin thehighly nonlinear

regime! But it is parallelto thepropagationdirection

Ç HHG driven by a vector beam in chiral molecules



Ultrafast and topological chiral sensing with vector beams

A. Rodriguez& L. Rego. ArXiv2606:13402v1. Underreview (2026)

A. Rodriguez

Laser frame
Laboratoryframe: 

interferencebetweenchiral

and achiralemissions

Rotationof thelaser 

polarizationframe(due

to tight-focusing)

R-enantiomerL-enantiomer

Far-field intensityprofilesof the6th harmonic

Achiral R-enantiomerL-enantiomer
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ÇFull Quantum Strong Field Approximation (SFA) + Propagation

Macroscopictheoreticalmodels

-Harmonic propagation: electromagnetic field 

propagator. 

-Full Quantum SFA (no saddle point 

approximation) for the computation of the 

elementary radiators.

C. Hernández-García, et al., Physical Review A 82, 033432 (2010)

Hamiltonian

Evolution of the wavefunction

Dipolar acceleration

J. A. Pérez-Hernández, et al. Optics Express 17, 9891 (2009)



ÇThin SlabModel

-  Fast calculations

- To distinguish the role of the nonperturbative parameters (dipole phase and amplitude scaling power)

Utility:

C. Hernández-García, et al. New Journal of Physics 17, 093029 (2015)

Far field using Fraunhofer diffraction:

Harmonic field:

Driving field:

Macroscopictheoreticalmodels



Theoreticalmethods

1. Microscopic
(at onepointof space, within dipoleapproximation)

2. Macroscopic
(spatially-dependentemission)

ÇSingle-molecule response to the local electric 

field: Time-Dependent Density Functional Theory 

(TDDFT) using the Octopus software to obtain the 

dipolar acceleration

ÇOrientational averaging (Lebedev quadrature + 

rotations)

ÇSpectrum of the light emission from the 

dipolar acceleration (Larmor formula)

Ὁ‫ ᶿὥ‫

ÇNear field: perturbative scaling of the 

light emission

ὖ ‭ … Ὁ … Ὁ … Ὁ ȢȢȢ

ÇFar field: propagation of the near field using 

Fraunhofer diffraction

ὉὯᶿ Ὁ ὼὩ Ὠὼ

Marques, M. A. et al. Comput. Phys. Commun. 151, 60ï78 (2003)



Dynamics of the electron

Ὁ

Atom

e

Electrontrajectoriesin HHG

e

Quantum Simulations

Time-FrequencyAnalysis



Prof. Pierre 
Agostini

Nobel Prize
winner

Measurementof the attosecondpulses

Ç The next requirement was to develop a metrology to measure the 
duration of attosecond pulses and the use of suitable laser systems. 

P. Antoine, A. LôHuillierand M. Lewenstein, Phys. Rev. Lett . 77, 1234 (1996). 

P. Salières, A. LôHuillier, P. Antoine and M. Lewenstein, arXiv quant-ph/9710060 (1997). 

M. Bellini, C. Lyngå, A. Tozzi, M.B. Gaarde, T.W. Hänsch, A. LôHuillier, and C.-G. Wahlström , Phys. 

Rev. Lett . 81, 297 (1998). 

Ç One important step was taken by Prof. Agostini et al in 1994 where they investigated 
the principle of frequency modulation in a two-colour photon field.

Ç This concept led the RABBIT (reconstruction of attosecond beating by interference of 
two-photon transitions) technique 

J.M. Schins, P. Breger, P. Agostini, R.C. Constantinescu, H.G. Muller , G. Grillon , A. Antonetti and A. 

Mysyrowicz, Phys. Rev. Lett . 73, 2180 (1994). 

Ç Prof. Agostini and co-workers had been investigating strong field phenomena 
and they discovered the Above Threshold Ionization
P. Agostini, F. Fabre, G. Mainfray , G. Petiteand N.K. Rahman, Phys. Rev. Lett . 42, 1127 (1979). 



Prof. Pierre 
Agostini

Nobel Prize
winner

Measurementof the attosecondpulses

Ç In 2001, Prof. Agostini and co-workers measured a train of attosecond pulses for the first time  
using the RABBIT technique

P.M. Paul, E.S. Toma, P. Breger, G. Mullot , F. Augé, Ph. Balcou, 

H.G. Muller and P. Agostini, Science292, 1689 (2001). 



Prof. Ferenc
Krausz

Nobel Prize
winner

Ç !ǘ ǘƘŜ ǎŀƳŜ ǘƛƳŜΧ ǘƘŜǊŜ ǿŀǎ ǘƘŜ ǉǳŜǎǘƛƻƴ ƻŦ Ƙƻǿ ǘƻ ƎŜƴŜǊŀǘŜ isolated 
attosecond pulses

Attosecondpulse train

Isolatedattosecondpulse

Ç Prof. Krausz and co-workers developed more advanced techniques, including the use 
of hollow-core fibers, to generate few-cycle visible pulses to drive HHG and achieve 
isolated attosecond pulses

Ch. Spielmann, N.H. Burnett, S. Sartania, R. Koppitsch, M. Schnürer, C. Kan, M. 

Lenzner, P. Wobrauschek and F. Krausz, Science 278, 661 (1997). 

Onlythis semicycleis intense enoughto generate
veryhigh-orderharmonics

Measurementof the attosecondpulses



Prof. Ferenc
Krausz

Nobel Prize
winner

Ç In 2001, Prof. Krausz and co-workers generated the first isolated attosecond pulses 

M. Hentschel, R. Kienberger, Ch. Spielmann, G.A. Reider, N. Milosevic, T. Brabec, P. 

Corkum, U. Heinzmann, M. Drescher and F. Krausz, 414, 509 (2001).

Ç And they used them kinetic energy spectrum of photoelectrons ejected from krypton 
atoms under simultaneous irradiation by soft-X-ray and visible radiation (streaking)

Measurementof the attosecondpulses



ÇVortexbeamscarryorbital angular momentum

ÇTheyare mathematicallydescribedby Laguerre Gauss modes

ÇTheyexhibit verypromisingapplications

ÇTheycan be createdin theopticaland infraredregimesusingopticselements

Theorbital angular momentumof light



Generationof light with time-dependentOAM

ÇThedefinitionof theself-torque of light:

Thetime-varyingorbital angular momentum:

An approximationto theself-torque:

Thewidth of theorbital angular momentumdistribution:
The self-torque 

is well-defined!



Generationof light with time-dependentOAM



Harmoniccombswith tunable line-spacing

ÇThenumberof harmonicburstsper cycledetectedon-axis can be manipulated

ÇHHG driven by a necklace beam: some harmonics exhibit strong on-axis yield


